THE COEFFICIENT COALGEBRA OF A
SYMMETRIZED TENSOR SPACE

RANDALL R. HOLMES DAVID P. TURNER

ABSTRACT. The coefficient coalgebra of r-fold tensor space and its dual,
the Schur algebra, are generalized in such a way that the role of the
symmetric group Y, is played by an arbitrary subgroup of ¥,. The
dimension of the coefficient coalgebra of a symmetrized tensor space is
computed and the dual of this coalgebra is shown to be isomorphic to
the analog of the Schur algebra.

0. INTRODUCTION

Let K be the field of complex numbers. The vector space £ = K™ is
naturally viewed as a (left) module for the group algebra KT of the general
linear group I' = GL,(K). The r-fold tensor product E®" is in turn a
module for KT, where I =T x --- x I" (r factors). Let G be a subgroup
of the symmetric group ¥, and let x : G — K be an irreducible character
of G. The “symmetrized tensor space” associated with y is EX = E®"t,,
where t, is the central idempotent of the group algebra K G corresponding
to x (with the action of G on E®" being given by place permutation).

In this paper, we study the coefficient coalgebra A, of the R-module
EX, where R is the subalgebra of KT consisting of those elements fixed
by G under the action of ¥, on I'" given by entry permutation. (If V is
an R-module with finite K-basis {v; |j € J}, then for each x € R, we have
kvj = ), a;j(K)v; for some a5 : R — K. The linear span of the functions o
(i,j € J) has a natural coalgebra structure. It is the “coefficient coalgebra”
of V', denoted cf(V).)

Section 1 sets up notation and presents some standard results suitably
generalized to the current situation.

In Section 2, we obtain generalizations of some classical results (i.e., re-
sults for the case G = X,). In particular, we show that the image S of the
representation afforded by the R-module E®" equals the set of those endo-
morphisms of E®" that commute with the action of G (Theorem 2.7). This
generalizes Schur’s Commutation Theorem [\, 2.1.3] in the classical case,
where S is the “Schur algebra.” We also observe that the algebra isomor-
phism S = A* (A = ¢f(E®")) in the classical case [\Ma, 2.3.5 and following
paragraph| continues to hold with G arbitrary (Theorem 2.8).
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In Section 3, we study the coefficient coalgebra A, and the corresponding
analog Sy of the Schur algebra and establish an algebra isomorphism S, =
A} (Theorem 3.4). We exhibit decompositions of A and S in terms of
the various A, and S, respectively (Theorems 3.3 and 3.5), and end by
providing a formula for the dimension of A, over K (Theorem 3.6).

Some of the results of this paper appear in the Ph.D. dissertation [T] of
the second author written under the direction of the first author. We thank
the referee for some useful suggestions.

1. NOTATION AND BACKGROUND

Let G be a fixed subgroup of the symmetric group ..

For the general results of this section and the next, the field K can be
more general than the field of complex numbers. We assume only that K is
an infinite field of characteristic not a divisor of |G|. Fix a positive integer
n. The vector space E = K" is acted on naturally (from the left) by the
semigroup M = Mat,,(K) of n X n matrices over K and is therefore a K M-
module, where KM is the semigroup algebra of M over K.

The group G acts from the right on M"™ = M x --- x M (r factors) by
mo = (ma(l), Mg(2)y - ,ma(r)) (m eM" o€ G)

The semigroup M" acts on E*" = E® ---® E (r factors) by mv =
mivy @ -+ @muu, (m € M" v =11 ®---®@v, € E®"). This action extends
linearly to make E®" a K M"-module.

Foreach 1 < o <, let e € E be the n-tuple with S-entry d,5 (Kronecker
delta). Let I = {i = (i1,...,4y) € Z" |1 < i; <n for all j}. The space E®"
has basis {e; |i € I}, where ¢; :=¢;, ® --- @ e, .

For m € M" and i, j € I, define m; j =[], _; (Mma)injo-

1.1 LEMMA. Let m € MT".

(i) mej =32 mijer (j €1).
(ii) (mo)ij =mis-1 o1 (0 €G, i,j€I).

Proof. (i) For all j € I, we have

n n
me; = mie; @ - @ mpej, = (Z(ml)hjleil) Q- ® (Z(mr)i”"j’"ei’">

i1=1 ir=1

,
- Z H(ma)z‘ay‘aeil Q- Qe = Zmi,jei.
iel a=1 i€l
(ii) For all 0 € G and 4, j € I, we have

T

(mo)ij = [[ (Ma(a))inja = H(ma)i(,_lm)j(,_l(a)

a=1 «
= H(ma)(wfl)a(jafl)a

= Mis—1 jo—1,
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Let I' = GL,(K) € M and put I =I'x---xI' € M". The right action of
G on M" induces an action on the group algebra KT of I'" over K. Denote
by R the subalgebra of KT consisting of those elements fixed by G:

R=(KT")% = {k € KT" |ko = k for all o € G}.
The set {g|g € I'"} is a K-basis for R, where

1
i =g 29
‘G| oeG
Let V' be an R-module with finite K-basis {v;|j € J}. For k € R and
7 € J, we have
KV;j = Zaij(/{)vi
ieJ
for some «;; € R* = Homg (R, K) (dual space of R). The K-linear span of
the set {c;|,j € J} is the coefficient space of the R-module V', denoted
cf(V'). This space is independent of the choice of basis for V.
If Rk (R) is the representative K-bialgebra of the multiplicative semigroup
R, then V is a right Rx(R)-comodule with structure map ¢ : V. — V ®
R (R) given by ¥ (vj) = > .c;vi ® a;. We have

Alagj) = Zaik ® Qg
e

e(aij) = dijy
so that cf(V') is a subcoalgebra of Rx(R) [AD, p. 125].

Let p : R — Endg (V) be the representation afforded by the R-module
V.

1.2 LEMMA.
(i) For k € R, we have k € ker p if and only if f(k) = 0 for all f €
cf(V).
(ii) For f € R*, we have f € cf(V) if and only if f(k) = 0 for all
K € ker p.
Proof. See proof of [Ma, 2.2.1]. O

1.3 THEOREM. The map v : im p — cf(V)* given by ¥(p(k))(c) = c(k) is a
K -isomorphism.

Proof. The bilinear map imp x cf(V) — K given by (p(k),c) = c(k) is
well defined and nondegenerate by Lemma 1.2. Since the spaces im p and
cf(V) are finite dimensional, the induced map ¢ : imp — cf(V)* is a K-
isomorphism. O
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2. GENERALIZED COEFFICIENT COALGEBRA AND SCHUR ALGEBRA

We continue to assume that K is an infinite field of characteristic not a
divisor of |G|. Recall that R is the subalgebra of KT consisting of those
elements fixed by G.

For i,j € I define ¢; ; : R — K by putting

0 g

(g € I'") and extending linearly to R.
2.1 LEMMA. The function c; j is well-defined.

Proof. Let g,h € I'" and assume that § = h. Then h = g7 for some 7 € G,
SO

2.2 LEMMA. For k € R and j € 1,
Kej = Z cij(K)e
i€l
Proof. Let g € I'". Tt suffices to establish the equality in the case kK = g. For
J € I we have

_ 1
9¢j = €] Z(ga)ej Z Z go)ijei = Zcm g)ei,
o€l O'EG i€l i€l
where the second equality uses Lemma 1.1. ([l
The group G acts on I from the right by io = (iy(1),6(2)s - - s lo(r)). 1N
turn, G acts on I x I diagonally: (i,j)o = (io,jo). For i,j,k,l € I, put
(i,5) ~ (k1) if (k,1) = (i,4)0 = (io, jo) for some o € G.
2.3 LEMMA. ¢;; = cx if and only if (i,7) ~ (k,1).
Proof. For i,j € I, define ¢; j : M" — K by
i mo)i i,
1,] ’G‘ (% i,J

and note that for g € I'" we have ¢; ;(g) = ¢; ().
Let i,j, k,l € I and assume that ¢; ; = cx;. Then ¢ ;(g) = éx(g) for each
g € I'" and, since I'" is Zariski dense in M", it follows that ¢; ; = ¢ .
Define b; j = (biyjy; - -+, bi.j,) € M", where (bap)ed = O(a,p),(c,ay (Kronecker
delta) and note that (b;, ) 2y = (i j),(zy)- FOr ,y € I, we get, using Lemma



COEFFICIENT COALGEBRA OF SYMMETRIZED TENSOR SPACE 5

1.1,

ézvy 7.7 |G‘ Z 7.7

oceG
Z ,j zo~lyo—1
UEG
G .
_ 'pr' (2,9) ~ (i, )
0, otherwise,

where G(; ;) is the stabilizer of (4,7) in G. Since

. . G i)l
Ci(bij) = ¢ j(bij) = ‘(G‘J) # 0,

we conclude that (k,1) ~ (i, 7).
Now assume that (i,7) ~ (k,1) so that (k,l) = (io,jo) for some o € G.
For any g € I'", Lemma 1.1 gives

(go-il)ivj = Gio,jo = Gk,

SO
1 -1
CZ,] g ‘G’ Z ,] = @ Z(QTU )ZJ
@l Z 97)ka = k().
TEG
Therefore, ¢; ; = cp- O

Let A be the coefficient space of the R-module E®".

2.4 THEOREM.

(i) The space A has K-basis {c; ;| (i,j) € B}, where B is a set of rep-
resentatives for the orbits of I x I under the diagonal action of G.
(ii) A is a coalgebra with structure maps

Cz,j E Cik @ Ckjs

kel

E(Ci,j) = 5i,j-

Proof. (i) By Lemma 2.2, the space A is the K-linear span of {¢; ;|i,j € I},
which equals {¢; j | (¢,7) € B} by Lemma 2.3.

Suppose that Z(i,j)eBO‘i,jciJ = 0 with oy; € K. Let ¢; : M" —
K be as in the proof of Lemma 2.3. Since ¢;;(g9) = c¢;;(g), we have
2 oG)eB %ijCij(g) = 0 for all g € I'". Since I' is Zariski dense in M",
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we have > ; yepaijé; = 0. Let (z,y) € B. With by as in the proof of
Lemma 2.3 we have (using the formula in that proof)
Gl

O‘:Lvy = aivjém(bz,y) =0.
’G(:v,y)| (Z%B

Therefore, {c; ;| (i,7) € B} is linearly independent.
(ii) This follows from Lemma 2.2 and the discussion in Section 1. |

The group G acts on E®" by e;0c = ¢;, (i € I) and this action extends
linearly to make E®" a right KG-module. In fact E®" is a (KM", KG)-
bimodule. One checks that vo = v,(1) ® - @V, for allv =v1 @ - - @, €
E®rT,

The set N = Endg(E®") is a right KG-module with action given by
(fo)(w) = f(ve™V)o (0 € G). Moreover, N = Endgg(E®"), where N¢ is
the set of those elements of N fixed by G.

Let T : KT" — Endg (E®") be the representation afforded by the KT"-
module E®".

2.5 LEMMA. T is a KG-homomorphism.

Proof. Let g€ I", 0 € G,and v =11 ® --- ® v, € E®". We have

[T(9)0)(v) = (T(9)wo™)) o
= ( [(9) (Vo101 ® -+ ® Ua—l(r)> o
= (910-11) ® -+~ @ GrV51()) @
= Wo(1) @ R We(ry (Wi = GiVe—1(;))
= 9o(1)V1 Q- ® Yo (r)Ur
= [T(g0)](v).
Therefore, T'(go) = T(g)o as claimed. O

The K-space N has basis {e; j |4,j € I}, where
eijer) = djkei

(Kronecker delta).
The map T = T|g : R — Endg(E®") is the representation afforded by
the R-module E®".

2.6 LEMMA. For k € R,

T(/ﬁ:) = Z Ci7j(/€)6i7j.

1,5€l
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Proof. Let k € R. Since {e;;|i,j € I} is a basis for N, we have T'(k) =
Zi,jel o je; j for some «a;; € K. For each j € I we have

Z Qi j€; = Z aigei(e;)

i€l ilel
— T(w)(e;) = re;
= Zci,j(n)ei (Lemma 2.2).
el
Therefore, «; j = ¢; j(k) for all 4, j € I and the claim follows. O
Put S =imT.
2.7 THEOREM. S = Endgg(E®").

Proof. Since R = (KI™)%, it follows from Lemma 2.5 that S = im7T =
imT|r € NS = Endgq(E®).

For the other inclusion, it is enough to show that the orthogonal comple-
ment of S in N¢ is trivial, where N has the (non-degenerate) bilinear form
induced by (e;j, ex1) = i), k1) (Kronecker delta). Let f =3, .; e
be an element of this orthogonal complement. For x € R, we have

0= {(f,T(k))
- Z Z i jck1(k)(€i,ex,) (Lemma 2.6)

ijel kilel
= > aijei(k).
i,j€l
Since f is fixed by G, it follows that ;s jo = a;; for every o € G.
Therefore, choosing a set B of orbit representatives of I x I under the
diagonal action of GG, we have

0="> aijei;j= > > OigjoCiocjo = Y, |G Gjlaijeig,

i,J€1 (i,J)€B 0€G/G; ) (i,J)€B

where G(; j) is the stabilizer of (7, j) in G and G/G(; ;) is a set of represen-
tatives for the right cosets of G(; ;) in G, and where we have used Lemma
2.3. Using Theorem 2.4, we have a; ; = 0 for each (4,j) € B (and hence for
each i,j € I) so that f =0 as desired. O

For a K-coalgebra C' the dual space C* has a natural structure of K-
algebra [ADb, p. 55]. In particular, A* is a K-algebra.

2.8 THEOREM. The map ¢ : S — A* given by ¢(T(k))(c) = c(k) is an
isomorphism of K -algebras.

Proof. By Theorem 1.3, 9 is a K-isomorphism. Using the argument of [\ a,
2.3.5 and following paragraph| with the aid of Lemma 2.6, one sees that it
is an algebra homomorphism as well. O
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Assume for the moment that G = X, (full symmetric group). The diago-
nal subgroup D = {(a,...,a)|a € I'} of I'" identifies naturally with I". Note
that KD C R. The functions ¢; j|kp (4,7 € I) coincide with the standard
basis vectors of the classical coefficient coalgebra A, [Ma, 1.3.4]. In view
of Theorem 2.4, the map ¢;j — c¢;;|kp defines a coalgebra isomorphism
A=A,

Next, the image of the map T|xp : KD — Endg(E®") is the classical

Schur algebra S, [Ma, 2.1.1]. In particular, S, C S. Since S = A* (Theorem
2.8) and S, = A} [Ma, 2.3.5] we have S = S,. (One could also see this by
using Theorem 2.7 and Schur’s Commutation Theorem [Ma, 2.1.3].)

In the other extreme, if G = {e}, then S = Endg (E®") (Theorem 2.7).

3. DECOMPOSITIONS BY IRREDUCIBLE CHARACTERS

From now on we let K be the field C of complex numbers and adjust
the notation accordingly. Let Irr(G) be the set of (ordinary) irreducible
characters of G and fix x € Irr(G). Define a linear map 7, : A — A by

—1
T 7] ’G| Z X czajo'

3.1 THEOREM. The function T, is well-defined and
(Ty®@Ty)o A =Aory.

Proof. Suppose that ¢; ; = ¢;;. By Lemma 2.3, we have (k,[) = (io, jo) for
some o € G. Then

§ : 1 E : § : —1
X ck‘ l/l, X CZU,]U;L X ,‘]o"ua' 1

neG HeG neG
=Y xe ' o)eiin = D> x(w e
peG peG

s0 Ty (k1) = Ty(cij) and 7y is well-defined.
Let 4,5 € I. Using Theorem 2.4 we have

[(x ® 7y) 0 A(ci5) = (T ® Tx)(z Cik @ Cj) = Z Tx(¢ik) ® Tx(Cr,j)
kel k

Z ( ‘G’ ZX Ci,ko-) ’G| ZX _1 de‘u

k ceG neG

_X(e)QZ ( —1) ( -1 ;
XS ) (Seans

k

e 2
- Té\l ;X(al)x(ul)ﬁ(%l,ju)‘
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Since ¢jp-1 j, = Cijuo, We can put p = po on the right and get

Ju
X(€) 5 (X0 51y
ol 2 ( 6] 2N 1>> ]

e}

[(Tx ® %) 0 A](eij) = A

x(e _
=A |é‘) > x(p 1)Ci,jp] = [A oy (ciy),
p
where we have used the generalized orthogonality relation [Is, 2.13] in the
next to the last step. The theorem follows. O

Define
x(e) Z x(e™hHe € CG.

t, = 27
i |G| oeG

We have t2 = t, [Is, 2.12 and proof of 2.13]. Put EX = E®"t,, the sym-
metrized tensor space corresponding to the character x.
Let A, denote the coefficient coalgebra of the R-module EX and let T :
R — Endc(EX) be the representation afforded by EX. Put S, = imT,.
The space N = Endc(E®") is a left CG-module with action determined

by (of)(v) = f(vo) (o € G).
3.2 THEOREM.
(i) t, S is a subalgebra of S and Sy =, S as C-algebras,
(ii) 7 (A) is a subcoalgebra of A and A, = 7,(A).
Proof. (i) For f,g,€ S and v € E®", we have, using Theorem 2.7,

[t )t )] (v) = () (9(vty)) = f(g(vty)ty)
= f(9(vt3)) = f(9(vty)) = (F9)(vty)
= [ty (f9)](v).
Therefore, (ty f)(tyg) = ty(fg), so that ¢,S is a subalgebra of S.
Define ¢ : t,S — Sy, by ¢(t,T(k)) = T\ (r) (k € R). We have
HT(k) =6tTA) <= (t,T(k))(v) = (6T (N)(v) for all v € E®"
< T(r)(vty) =T\ (vty) forallve E®"
= T(r) =T (M),
so ¢ is well defined and injective. It is immediate that ¢ is surjective and

C-linear, so it is a C-isomorphism.
Finally, for x, A € R, we have, using the first part of the proof,

(T (R)(ET(N) = (T (R)T(A)) = p(txT(KA))
= Ty (kA) = Ty (r) T (A) = (5T (k) p(t T (X)),

so ¢ is a C-algebra isomorphism.
(ii) First, 7, (A) is a subcoalgebra of A by Theorem 3.1.
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Next, we show that 7, (A) C A,. By Lemma 1.2(ii), it is enough to show
that 7, (c;j)(k) = 0 for all kK € kerT) and 4,j € I. Let x € ker T and fix
ijel

The group G acts on the set N® of functions from R to N from the left
by (of)(p) = of(u) and on N* from the right by (fo)(e) = f(oe).

(Step 1) e; ; 0t T = ej ity o T. We have, for i € R,
(€55 0t T) () = € 5 (6T (1)) = (€] 1) (T(1)) = (€] jtx 0 T)(n).
(Step 2) 7y(cij) = €j; oty T. One checks that, for o € G, oe;j = €; jo—

and, in turn, €; ;0 = €; ;. We have
2. 2

T (cij) = T(Gj) Z x(oNeijo

oceG

= >‘<ée|) Z X(a_l)e;"’jg oT (Lemma 2.6)

= €;th oT
=e; oty T (Step 1).
(Step 3) (t,T)(k) = 0. For v € E®" we have
((tXT)(KL))(U) = (tXT(K,))(U) =T(k)(vty) = k(vty) =0

since vt, € EX and k € ker 7.

o

Therefore,
(i) (k) = ef; () (k)  (Step 2)
= ¢7,(0) (Step 3)
=0,

and we conclude that 7, (A4) C A,.
Finally, we show that A, C 7, (A). For x € R and j € I we have

x\e -
Kejty = /iejti = ‘é’> Z x(o 1)/%ejgtx
oceG

- Tg? ZX(UA) Zciﬂjo(’ﬁ)eitx (Lemma 2.2)
g i€l
= ZTx(Ci,j)('f)eitX

and, since some subset of {e;t, |7 € I} is a basis for EX, the claim follows. [

It follows from the orthogonality relations of characters [Is, 2.13, 2.18]
that the maps 7, (x € Irr(G)) are pairwise orthogonal idempotents that
sum to 14:

(i) TyTy = Oy Ty (Kronecker delta),

(11) erlrr(G) T™x = La.
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3.3 THEOREM. A =@, cpp(q) Ax-

Proof. By (ii) of the preceding paragraph and Theorem 3.2(ii),
A= Z T3 (4) = Z Ay,
x€lrr(G) x€lrr(G)

and by (i) of the preceding paragraph the sum is direct. O

3.4 THEOREM. The map ¥y : Sy — A} given by ¥ (Ty(k))(c) = c(k) is a
C-algebra isomorphism.

Proof. Let ¢ : S — A* be the isomorphism of Theorem 2.8 and let n : S —
Sy be the epimorphism induced by restriction: n(T'(k)) = T'(k)|px. Then
Y(kern) = AY (= annihilator of Ay ). Indeed, for x € R, we have

P(T(k)) € Ag <~ Y(T(k))(c)=0 Vce Ay
< c(k) =0 Vece Ay
< K ckerT) (Lemma 1.2(1))
> T(k)|px =Ty(k) =0
<= T(k) € kern.
Therefore, we have C-algebra isomorphisms
Sy =2 S/ kern = A*/A?< = A}
(the last C-isomorphism is an algebra isomorphism by Theorem 3.2(ii) and

[Ab, 2.3.1(ii)]). Calling the composition 1, and the composition of just the
last two ¢, we have

Uy (T (K)) (¢) = (T (K)) (c) = ¥ (T(x))(c) = »(T(k))(c) = ().

3.5 THEOREM. S = €, c1y(q) Sx-
Proof. This follows from Theorems 2.8, 3.3, and 3.4. U
For i € I, let G; denote the stabilizer of ¢ in G.
3.6 THEOREM. We have
dimc A4, = >‘<ée|) Z Z X (0_1) ,
(ij)eB 0€G;Gi

where B is a set of representatives for the orbits of I x I under the diagonal
action of G.

Proof. By Theorem 3.2(ii), we have A, = 7,(A). Since 7'% = Ty, an eigen-
value of 7, is either 1 or 0, so the rank of 7, equals its trace. Therefore, it
is enough to show that the trace of 7, is given by the formula on the right.
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Fix i,j € I and let D be a set of representatives of the (G;,G;) double
cosets in G chosen with e € D. For § € D, let Rs be a set of representatives
of the right cosets of G; N 5_1Gj5 in G; so that

G;0G; = UpeRéa

(disjoint union) | proof of 3.8(iv)]. We have

71
TX( 7] ’G| O;X Cz,]a
Z Z ((udp) 1) Ci,j(udp)-
0eD pedj
PERs

In the last sum, we have
Cij(uép) = Ci,j(ép) = Cip=1,js = Cijo
SO

Tx(Ci

((nop)~") cis-
0eD ,uGG
pERs

Let 0,e € D and assume that (i,70) ~ (i, j€) so that (i,jd) = (i, jen)
for some 7 € G. Then 7 € G; and end~! € Gj, whence GjeG; = GjenG; =
G;j0G;, implying that e = 6. We conclude that the ¢; js appearing in the
linear combination above are distinct and that ¢; j5s = ¢; ; if and only if 6 = e.

Therefore,
= 3 (ﬁzxmem—l))

(i)eB Hea;
pPERe

DI WY

(i,7)eB 0€G;G;

as claimed. 0
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